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Abstract
We construct the Hasse diagram for the closure ordering of the orbits of the irreducible reduced
prehomogeneous vector space of quadruples of quinary alternating forms in five variables.
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1. Introduction
We consider the prehomogeneous vector space (PV) (G0,V ) of quadruples of quinary
alternating forms in five variables. It occurs as item 11 in the list of irreducible reduced
prehomogeneous vector spaces with relative invariants given in [13, Appendix]. There are
several papers devoted to the study of this PV [1,9,16,17,27] and its applications in number
theory [10,26]. Our objective is to construct the Hasse diagram for the closure ordering of
the orbits of this PV. The main result is stated in Section 3. (See also Table 2 and Fig. 3,
constituent parts of this theorem.)
It is well known that this PV can be realized by using the gradation of the simple com-
plex Lie algebra g of type E8 which is determined by the weighted Dynkin diagram shown
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in Fig. 1, where all nodes have weight 0 except the node α5 which has weight 1. We have
adopted the Bourbaki numbering [2] of the simple roots αi , 1 i  8, of E8 (see Fig. 1).
Let G be the connected complex Lie group of type E8 and identify its Lie algebra
with g. We fix a Cartan subalgebra h of g and denote by Φ the root system of (g,h). For
α ∈ Φ let gα be the root space of α. Let b be a Borel subalgebra of g containing h and Π
the base of Φ such that gα ⊆ b for α ∈ Π .
Let H ∈ h be the unique element such that αi(H) = 0 for simple roots αi with i = 5
and α5(H) = 1. Using H we obtain the following Z-gradation:
g =
∑
i∈Z
gi , (1.1)
where
gi =
{
x ∈ g: [H,x] = ix}, i ∈ Z.
We have dimgi = dimg−i for all i ∈ Z and gi = 0 for |i| > 5. Moreover, the dimensions
of gi for 0 i  5 are
40, 40, 30, 20, 10, 4,
respectively. The subalgebra g0 is reductive,
g0 = sl4 × sl3 × t,
where t is the 1-dimensional center (spanned by H ) and the simple roots βi , 1 i  4, of
sl4 and βj , 5 j  7, of sl3 are as shown on Fig. 1.
We denote by G0 the centralizer of H in G. It is a connected reductive subgroup and
its Lie algebra can be identified with g0. By restricting the adjoint action of G, we can
view g as a G0-module. Then each gi is a submodule of g. The modules g−i and gi are
dual to each other and they are simple for 1  |i|  5. By setting V = g1, we obtain the
PV (G0,V ) mentioned above. As V ∼=∧2(C5) ⊗ C4, we refer to this PV as the space of
quadruples of alternating forms in five variables.
Every x ∈ g1 is nilpotent and there are only finitely many G0-orbits in g1 (see
[24, Proposition 2] or [18, Theorem 2.1] and its references). Let O ⊆ g1 be a nonzero
G0-orbit and x ∈O. By the generalized Morozov theorem [25, Theorem 1], x can be em-
bedded in a normal triple, i.e., an sl2-triple (x,h, y) such that h ∈ h and y ∈ g−1. We shall
D.Ž. Ðokovic´ / Journal of Algebra 303 (2006) 847–868 849use the Bourbaki definition of sl2-triples (see [3, Chapter VIII, §11, Definition 1]). The
orbit O is uniquely determined by the G0-conjugacy class of h. Hence, such h is unique if
we impose the conditions that βi(h) 0 for 1 i  7. Then we refer to this unique h as
the characteristic of the orbitO. By abuse of language, we shall also refer to the collection
of the numerical labels αi(h), 1  i  8, as the characteristic of O. We point out that all
these labels are integers and are all nonnegative except α5(h) which is usually negative.
Our method for constructing closure diagrams in Z2-graded semisimple Lie algebras
has been developed in a series of papers culminating with the paper [7]. Here we apply the
same method, with some minor modifications, to the Z-graded example described above.
Although the problem at hand is considerably simpler than the one we solved in [7], it
is still tedious and time consuming. For that reason we shall break the proof into several
steps, each handled in a separate section.
2. List of orbits
The orbits of this prehomogeneous vector space were enumerated first by Ozeki in [16]
where one orbit was overlooked. In a later paper [17] he corrected this error and provided
full details of the proof. There are 63 orbits, including the trivial orbit. In the meantime,
Kawanaka [11] used a different method to re-do these computations and obtained another
listing of all 63 orbits. He used the gradation described in the previous section and his
own algorithm for computing the homogeneous nilpotent orbits in graded semisimple Lie
algebras (over an algebraically closed field of arbitrary characteristic). This algorithm is
described in another paper [12].
Our first job is to list the nonzero orbits O(k), k = 1, . . . ,62, which we do in Table 1.
Following Kawanaka, our list is based on the list of nonzero nilpotent adjoint orbits Oi ,
i = 1, . . . ,69, of g. For that purpose we shall use the list given in Table 1 of our paper [6].
We point out that the dimension di := dimOi increases with i, i.e., di  dj for i < j . The
reader does not need to consult that table since we shall provide all necessary data here.
However we do want to point out a misprint in that paper: The Bala–Carter symbol of the
orbit 54 is given as E8(b2) but should be E8(b6).
The intersection Oi ∩ g1 is nonempty for exactly 39 indices i: All indices i in the range
1  i  41 except 33 and 40. The first three and the sixth column of Table 1 below pro-
vide information about these 39 G-orbits: The Bala–Carter symbol, the characteristic Hi
(i.e., the weighted Dynkin diagram), the index i, and the dimension di . The intersection
O41 ∩ g1 =O(62) is the generic (dense) G0-orbit of this PV. The Bala–Carter symbol of
O41 is E8(a7) and its dimension is 208.
The intersection Oi ∩ g1 is the union of at most four G0-orbits Oip , p = 1,2, . . . . We
have assigned the indices p so that the dimensions dip := dimOip increase with p for
fixed i, i.e., dip  diq for p < q . The orbit Oip = O(k) is uniquely determined by its
characteristic Hip = Hk . The numerical labels αr(Hip), r = 1, . . . ,8, are listed in the fifth
column and the dimensions dip in the seventh.
It is easy to identify our orbits with those in Kawanaka’s list [11] and, with some ef-
fort, with those in Ozeki’s list [17]. We give our enumeration of the orbits Oip =O(k) in
column k, and those of Kawanaka and Ozeki in columns k′ and k′′, respectively.
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The list of orbits O(k) =Oip
Oi Hi i p Hip = Hk di dip k k′ k′′
A1 00000001 1 1 0010 –1 001 58 10 1 62 62
2A1 10000000 2 1 0100 –1 002 92 13 2 61 13
2 1001 –2 010 16 3 60 16
3A1 00000010 3 1 0002 –3 100 112 18 4 59 55
2 2100 –2 100 19 5 58 54
3 0110 –2 011 19 6 67 59
A2 00000002 4 1 0200 –2 020 114 20 7 55 58
4A1 01000000 5 1 3000 –1 000 128 20 8 56 38
2 1101 –3 101 22 9 54 53
A2 +A1 10000001 6 1 1100 –2 021 136 22 10 53 57
2 0210 –3 110 24 11 52 52
A2 + 2A1 00000100 7 1 0010 –2 030 146 24 12 50 50
2 1110 –3 111 25 13 51 56
3 1201 –3 010 25 14 49 37
4 0300 –3 200 25 15 48 51
A3 10000002 8 1 2001 –4 301 148 26 16 45 47
A2 + 3A1 00100000 9 1 2101 –3 011 154 26 17 47 36
2 0020 –3 120 26 18 46 48
3 0310 –3 100 27 19 43 34
2A2 20000000 10 1 0002 –4 202 156 26 20 44 49
2 0400 –2 000 28 21 40 31
2A2 +A1 10000010 11 1 0012 –4 102 162 27 22 41 35
2 1101 –4 102 28 23 38 45
A3 +A1 00000101 12 1 2000 –3 302 164 27 24 42 46
2 2011 –4 201 28 25 39 32
3 1110 –4 310 29 26 35 44
D4(a1) 00000020 13 1 0020 –4 400 166 30 27 31 42
D4 00000022 14 1 0002 –2 004 168 28 28 37 33
2A2 + 2A1 00001000 15 1 1111 –4 111 168 29 29 36 30
A3 + 2A1 00100001 16 1 1001 –4 311 172 30 30 33 43
2 1120 –4 210 30 31 32 28
D4(a1)+A1 01000010 17 1 0110 –4 401 176 31 32 28 41
2 0030 –4 300 31 33 27 25
A3 +A2 10000100 18 1 2110 –3 103 178 29 34 34 29
2 2201 –4 111 31 35 30 26
3 0001 –4 410 32 36 26 40
A4 20000002 19 1 0022 –4 020 180 32 37 25 23
A3 +A2 +A1 00010000 20 1 1111 –4 112 182 31 38 29 27
2 0000 –3 500 33 39 22 39
D4 +A1 01000012 21 1 1101 –2 013 184 32 40 24 22
D4(a1)+A2 02000000 22 1 0220 –4 202 184 32 41 23 24
A4 +A1 10000101 23 1 0112 –4 021 188 33 42 20 20
2 1121 –4 110 33 43 19 19
2A3 10001000 24 1 1111 –4 121 188 33 44 21 21
D5(a1) 10000102 25 1 0210 –2 103 190 34 45 16 15
A4 + 2A1 00010001 26 1 0003 –4 030 192 34 46 18 17
2 1211 –4 111 34 47 17 16
A4 +A2 00000200 27 1 0040 –2 000 194 34 48 15 14
2 2002 –4 202 34 49 14 18
(continued on next page)
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Oi Hi i p Hip = Hk di dip k k′ k′′
A5 20000101 28 1 2001 –1 001 196 35 50 10 11
D5(a1)+A1 00010002 29 1 0300 –1 003 196 35 51 13 10
2 1110 –2 112 35 52 12 12
A4 +A2 +A1 00100100 30 1 1111 –4 211 196 35 53 11 13
D4 +A2 02000002 31 1 0020 –2 202 198 36 54 9 8
E6(a3) 20000020 32 1 2000 0 020 198 36 55 7 7
A4 +A3 00010010 34 1 1111 –3 111 200 36 56 8 9
A5 +A1 10010001 35 1 1110 –1 101 202 37 57 5 5
D5(a1)+A2 00100101 36 1 1101 –2 111 202 37 58 6 6
D6(a2) 01100010 37 1 0110 0 010 204 38 59 4 3
E6(a3)+A1 10001010 38 1 1001 –1 110 204 38 60 3 4
E7(a5) 00010100 39 1 0001 0 100 206 39 61 2 2
E8(a7) 00002000 41 1 0000 2 000 208 40 62 1 1
In order to verify independently the correctness of the list given above, we have imple-
mented Kawanaka’s algorithm by using the software package LiE [23] for computations
with reductive groups. We are glad to confirm that the list is indeed correct. Moreover,
Kawanaka has identified for each nilpotent G-orbit Oi the G0-orbits Oip contained in
Oi ∩ g1, and our computations agree with his.
The new feature of our list is that we give explicitly the characteristics of the nonzero
nilpotent G0-orbits in g1. This information can also be deduced from the compressed
data provided by Kawanaka [11, Example (2.1.8)]. Namely, he lists explicitly the Weyl
group elements, w, which transform the characteristic Hi to the characteristic Hip = Hk .
However we have found that his elements w are incorrect in the following four cases:
k′ = 22,35,46,53 which correspond to our k = 39,26,18,10, respectively.
The closure relation determines a partial order on the set of nilpotent G-orbits in g. The
Hasse diagram of this partial order has been constructed by Mizuno [15]. We give in Fig. 2
the part of Mizuno’s diagram which includes exactly the orbits Oi of dimension  208.
Each of these orbits is identified by its Bala–Carter symbol and their dimensions are given
on the sides of the figure. For each orbit Oi , i.e., a node in this diagram, we indicate which
orbits O(k) are contained in Oi by writing the integers k near the node Oi . For instance,
the orbit O18 of dimension 178 (with Bala–Carter symbol A3 + A2) contains the orbits
O(34), O(35) and O(36). More precisely,
g1 ∩O18 =O(34)∪O(35)∪O(36).
Clearly, if Or is not contained in the closure of Oi , then also Ors is not contained in the
closure of Oip for all s and p.
Remark 2.1. By a theorem of Pyasetskiı˘ [20], as G0 acts on V with finitely many orbits
the same is true for its action on V ∗, the dual of V . Hence (G0,V ∗) is also a PV. The
co-normal bundle of a G0-orbit O ⊆ V or O∗ ⊆ V ∗ can be viewed as a subvariety of
V ×V ∗. If these two bundles are the same we say that the orbitsO andO∗ are dual to each
other. Each orbit in V has exactly one dual orbit in V ∗, and vice versa. Since the two PV’s
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mentioned above are equivalent, there is an isomorphism V ∗ → V which maps G0-orbits
onto G0-orbits. Consequently one obtains a duality pairing on the set of G0-orbits in V .
For more details and the listing of dual orbit pairs we refer the reader to Ozeki’s papers
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see the new book [21] by Tevelev which gives a nice exposition of this topic.
3. The orbit closure diagram
For the sake of completeness, let O(0) denote the trivial orbit {0} ⊂ g1. Hence, the
integers i in the range 0 i  62 parametrize the G0-orbits in g1.
Denote by O(i) the Zariski closure of the orbit O(i). Let us write O(j)  O(i) if
O(j) ⊆O(i) and O(j) <O(i) if moreover i = j . The relation “” just defined is a par-
tial order, known as the closure ordering. We refer to the Hasse diagram of this partially
ordered set as the closure diagram of the G0-orbits in g1. Our main objective is to describe
explicitly this closure diagram, Δ.
Let us say that O(j) is a child of O(i) if O(j) < O(i) and there is no k such that
O(j) <O(k) <O(i). We use the shorthand notation i → j to express the fact that O(j)
is a child of O(i). We also write i → j, k as a shorthand for “i → j and i → k,” etc. Since
each orbit closure, O(j), is irreducible, it is clear that the assertion i → j is equivalent to
the assertion that O(j) is an irreducible component of the boundary
∂O(i) =O(i) \O(i)
of O(i).
By abuse of language, we shall refer to a node O(i) of Δ as the node i. Clearly, Δ can
be easily constructed if we know the children of each node in Δ. With this terminology at
hand, we can now state our main result.
Theorem 3.1. Table 2 gives for each node i the list of its children j . The closure diagram Δ
(broken in two overlapping parts) is shown in Fig. 3.
The diagram Δ was constructed by applying a lengthy computational procedure (de-
scribed in the last section) that allows us to determine the children of a given node. We
have applied this procedure to each of the nodes in Δ, proceeding from the bottom to the
top of the diagram, and constructed Table 2 in this manner. In the remaining sections we
provide the proof which avoids this complicated route by making a number of shortcuts.
In the next section we compile a list of representatives of the orbits O(k). In Section 5
we verify that if the nodes i and j in Δ are joined by a line and dimO(i) > dimO(j) then
O(j) <O(i). The stronger claim that in fact j is a child of i is proved in Section 6. Finally,
in Section 7 we show that if j is a child of i, then the nodes i and j are joined by a line
in Δ.
4. List of orbit representatives
In order to prove our main result we need a comprehensive list of representatives of the
orbits O(k). Such a list has been compiled by Ozeki [17] but we cannot use his list as it is
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The irreducible components O(j) of ∂O(i)
i → j i → j i → j
0 21 → 19 42 → 37,41
1 → 0 22 → 14,20 43 → 37
2 → 1 23 → 15,18,20 44 → 36,41
3 → 1 24 → 16,20 45 → 40,42
4 → 3 25 → 16,17 46 → 42,44
5 → 3 26 → 16,23 47 → 42,43
6 → 2,3 27 → 26 48 → 43
7 → 6 28 → 22,24 49 → 42,43,44
8 → 5 29 → 17,19,22,23 50 → 49
9 → 4,5,6 30 → 24,26 51 → 45,47
10 → 7 31 → 25,26,29 52 → 45,46,49
11 → 7,9 32 → 27,30 53 → 39,46,47,49
12 → 10 33 → 27,31 54 → 52,53
13 → 10,11 34 → 24,25 55 → 50,52
14 → 11 35 → 21,31 56 → 48,53
15 → 11 36 → 32 57 → 50,56
16 → 13 37 → 33,35 58 → 51,54,56
17 → 8,13,14 38 → 30,31,34 59 → 57,58
18 → 12,13 39 → 36 60 → 55,57,58
19 → 14,15 40 → 28,38 61 → 59,60
20 → 13 41 → 32,33,35,38 62 → 61
based on a different realization of this PV. (Some of his representatives seem to be unduly
complicated, see, for instance, the one for k′′ = 39.)
Let us begin by extending the enumeration of simple roots to all positive roots αi , 1
i  120. For the sake of consistency we shall use the enumeration given in our paper [6].
It is the same as the enumeration that the LiE program [23] provides. We shall also use
α−i = −αi , 1 i  120, to denote the negative roots. Let I be the index set
I := {±1,±2, . . . ,±120}.
For each i ∈ I let Xi be a nonzero vector in the root space gαi . The choice of these root
vectors is completely arbitrary.
Each of our representatives Ek ∈O(k) will be written as a sum of root vectors Xi with
i running through a subset S of I . In that case we refer to S as the support of Ek . In
all cases the support S is chosen so that the roots αi , i ∈ S, are linearly independent. As
in our paper [7], we define the type of Ek to be the diagram with vertex set S in which
two distinct vertices are joined by a solid respectively dotted line if the angle between the
corresponding roots is 2π/3 respectively π/3. In most cases the type of Ek will be the
Dynkin diagram of some closed root subsystem of Φ . For a more comprehensive list of
types (and their definitions) we refer again to our paper [7]. For some orbits O(k) we give
two or three representatives Ek of different types.
Our list of representatives is given in Table 3. For each orbit O(k), 1  k  62, we
record the integer k, the support of Ek , and its type. The support is broken into subsets
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Fig. 3. The closure diagram Δ.
corresponding to irreducible root subsystems, i.e., the connected components of the asso-
ciated diagram. For instance, when k = 45 the support of the representative Ek of type
D4 + 2A1 is given as
(38,36,41,44)+ (40)+ (53).
This means that the roots with these indices form a root system of type D4 + 2A1 with the
first four giving a base of the D4 component and the last two correspond to the two A1
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Fig. 3. (continued)
components. The actual representative is
E45 = X38 +X36 +X41 +X44 +X40 +X53.
When the root subsystem, say Ψ , has one of the types 4A1, A3 + 2A1, 2A3, or A5 +A1
then there are two conjugacy classes of such subsystems under the action of the Weyl group
and we denote by Ψ ′ the one which corresponds to a Levi subalgebra of g containing h,
and by Ψ ′′ the other one.
In general, given a nonzero nilpotent element X ∈ g, the problem of identifying the G-
orbit Oi to which X belongs is nontrivial. Usually one can easily compute the dimension
of G · X, which leaves at most 3 choices for Oi . On the other hand, in the special case
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Orbit representatives
k Ek Type
1 (65) A1
2 (50)+ (60) 2A1
3 (58)+ (60) 2A1
4 (51)+ (53)+ (56) 3A1
5 (51)+ (53)+ (54) 3A1
6 (54)+ (56)+ (58) 3A1
7 (46,56) A2
(34)+ (54)+ (56)+ (58) (4A1)′′
8 (37)+ (46)+ (47)+ (51) (4A1)′
9 (51)+ (53)+ (54)+ (56) (4A1)′
10 (46,56)+ (47) A2 +A1
11 (46,56)+ (51) A2 +A1
(41)+ (51)+ (53)+ (54)+ (56) 5A1
12 (46,56)+ (35)+ (47) A2 + 2A1
13 (46,56)+ (47)+ (51) A2 + 2A1
14 (46,56)+ (44)+ (45) A2 + 2A1
15 (45,50)+ (46)+ (49) A2 + 2A1
(26)+ (46)+ (49)+ (50)+ (51)+ (60) 6A1
16 (38,56,39) A3
17 (46,56)+ (44)+ (45)+ (47) A2 + 3A1
18 (47,49)+ (46)+ (50)+ (51) A2 + 3A1
19 (45,50)+ (44)+ (46)+ (49) A2 + 3A1
20 (45,50)+ (47,49) 2A2
21 (37,50)+ (38,49) 2A2
(42,44)+ (33)+ (45)+ (46)+ (49) A2 + 4A1
22 (45,50)+ (47,49)+ (44) 2A2 +A1
23 (45,50)+ (47,49)+ (46) 2A2 +A1
24 (45,43,46) + (42) A3 +A1
25 (38,56,39) + (44) A3 +A1
26 (39,50,45) + (49) A3 +A1
27 (53,43,33,38) D4(a1)
(27,60,41) + (38)+ (39) (A3 + 2A1)′′
(27,60)+ (38,49)+ (39,50) 3A2
28 (44,29,45,49) D4
29 (45,50)+ (47,49)+ (44)+ (46) 2A2 + 2A1
30 (45,43,46) + (42)+ (49) (A3 + 2A1)′
31 (38,49,47) + (44)+ (50) (A3 + 2A1)′
32 (47,40,41,46) + (42) D4(a1)+A1
(45,43,46) + (33)+ (42)+ (49) A3 + 3A1
33 (45,35,50,54) + (44) D4(a1)+A1
(35,45,50) + (44)+ (46)+ (47) A3 + 3A1
(33,39)+ (43,45)+ (49,54)+ (44) 3A2 +A1
34 (45,43,46) + (42,44) A3 +A2
35 (38,49,47) + (42,44) A3 +A2
36 (41,45,43) + (39,42) A3 +A2
(47,40,41,46) + (28)+ (42) D4(a1)+ 2A1
37 (37,41,47,40) A4
(35,45,50) + (46,32,47) (2A3)′′
38 (45,43,46) + (42,44)+ (49) A3 +A2 +A1
(continued on next page)
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k Ek Type
39 (40,39,42) + (38,43) + (41) A3 +A2 +A1
(29,45,49,41) + (27)+ (39)+ (65) D4(a1)+ 3A1
40 (44,29,45,49) + (46) D4 +A1
41 (40,47,46,41) + (42,44) D4(a1)+A2
(33,47,49) + (42,44) + (45)+ (46) A3 +A2 + 2A1
42 (37,41,47,40) + (42) A4 +A1
43 (37,41,47,40) + (38) A4 +A1
44 (39,42,44) + (41,45,43) (2A3)′
45 (44,29,45,49,41) D5(a1)
(38,36,41,44) + (40)+ (53) D4 + 2A1
46 (44,36,41,45) + (39)+ (54) A4 + 2A1
(47,32,41,46) + (28,51,42) D4(a1)+A3
47 (37,41,47,40) + (38)+ (42) A4 + 2A1
48 (38,43,37,41) + (39,40) A4 +A2
49 (44,36,38,49) + (39,50) A4 +A2
50 (42,31,49,30,43) A5
51 (38,43,34,37,44) + (40) D5(a1)+A1
(18,43,45,46) + (33)+ (44)+ (49) D4 + 3A1
52 (44,29,45,49,41) + (39) D5(a1)+A1
53 (40,39,42,44) + (38,43)+ (41) A4 +A2 +A1
54 (38,36,41,44) + (39,40) D4 +A2
(44,29,45,49,41) + (27)+ (39) D5(a1)+ 2A1
55 (42,31,41,37,43) + (28) (A5 +A1)′′
56 (38,43,37,41) + (40,39,42) A4 +A3
57 (42,31,41,37,43) + (40) (A5 +A1)′
58 (38,43,34,37,44) + (39,40) D5(a1)+A2
59 (34,43,38,32,39,42) D6(a2)′
(32,39,33,42) + (30,43,45) D4 +A3
60 (42,31,41,37,43) + (28)+ (40) A5 + 2A1
61 (20,54,32,39,33) + (34,43) A5 +A2
62 (20,54,32,39,33) + (34,43)+ (5) A5 +A2 +A1
(20,58,5,60) + (32,38,43,34) 2A4
where X has a well-defined type and its type occurs in our list given in [7], then the orbit
Oi is uniquely determined.
Recall that Hk denotes the characteristic of the nonzero G0-orbit O(k). For i, j ∈ Z let
gHk (i, j) =
{
x ∈ gi :
[
Hk,x
]= jx}
and
gHk (i, j) =
∑
sj
gHk (i, s).
Let Zk respectively Pk denote the connected subgroup of G0 with Lie algebra gHk (0,0)
respectively gHk (0, 0). Note that Pk is a parabolic subgroup of G0 and Zk is its Levi
factor.
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ΦHk(i, j) =
{
α ∈ Φ: gα ⊆ gHk (i, j)
}
and
ΦHk(i, j) =
⋃
sj
ΦHk (i, s).
The sets ΦHk(1,2) and ΦHk(1, 2) play an important role in our proof. For reader’s con-
venience we have listed in Table 4 the roots which belong to these two sets (more precisely
the indices of these roots). The roots that belong to ΦHk(1,2) are listed first and enclosed
in braces and then the remaining roots in ΦHk(1, 2) are listed. Moreover, each of the
spaces gHk (1, j), j  2, is a direct sum of simple Zk-modules and we use semicolons to
separate the indices of root spaces that are contained in these simple modules. For instance,
for k = 6, the module gH 6(1,2) is the direct sum of the simple four-dimensional module
spanned by X50, X54, X56, X60 and the one-dimensional module spanned by X58; and the
module gH 6(1, 3) is one-dimensional and spanned by X65.
For Ek ∈O(k) there is a unique Fk ∈ gHk (−1,−2) such that (Ek,Hk,F k) is an sl2-
triple (see e.g. [25, Theorem 1] or [3, §11, Lemme 1]). From the sl2-theory it is clear that
[
Ek,gHk (0,0)
]= gHk (1,2)
and
[
Ek,gHk (0, 0)
]= gHk (1, 2).
Consequently, the orbit Zk · Ek respectively Pk · Ek is a Zariski open and dense subset of
the space gHk (1,2) respectively gHk (1, 2). It follows from [19, Lemma 1.10] (see also
[18, Theorem 2.1]) that
Zk ·Ek =O(k)∩ gHk (1,2). (4.1)
It is now easy to verify the correctness of our Table 3. Indeed it suffices to verify that
Ek ∈ gHk (1,2) and that the spaces [Ek,gHk (0,0)] and gHk (1,2) have the same dimension.
The first claim can be verified by consulting Table 4 and the second one by computing the
dimension of [Ek,gHk (0,0)] using MAPLE [22].
As we shall see later, the two PV’s
(
Zk,gHk (1,2)
)
and
(
Pk,gHk (1, 2)
)
play an essential role in our construction of the closure diagram.
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To avoid possible confusion, let us agree to use the symbol Δ to denote the diagram
shown in Fig. 3. Our objective is to show that Δ is also the closure diagram for G0-orbits
in g1.
For two nodes i, j ∈ Δ, we say that i is higher than j if dimO(i) > dimO(j). Write
j ≺ i if the arrow i → j is listed in Table 2, i.e., if i and j are joined by an edge in Δ and
i is higher than j . Let us also say that i dominates j if i is higher than j and there is a
downward path in Δ starting at i and ending at j .
The objective of this section is to show that j ≺ i impliesO(j) <O(i). The proof of the
stronger assertion that j ≺ i implies i → j will be given in the next section. The converse
will be proved in Section 7.
There are 118 pairs (i, j) with j ≺ i in Table 2. Apart from the 17 cases listed in Table 5,
the claim that O(j) < O(i) can be verified by inspection. As an illustrative example, let
us consider the case 39 ≺ 53 and show that O(39) <O(53). There are two representatives
of O(39) listed in Table 3. The first one, let us call it E39, is of type A3 + A2 + A1 and
is the sum of root vectors for the roots whose indices are given there. Since the subspace
gH 53(1, 2) is the Zariski closure of the orbit P53 · E53, it suffices to verify that E39
belongs to the subspace gH 53(1, 2). By inspecting the entry of Table 4 for k = 53, we
see that this is indeed true.
We now examine the 17 exceptional cases. They are listed in Table 5 together with new
representatives Ej ∈ O(j). By using Table 4, one can easily verify that Ej ∈ O(i). We
still have to verify that Ej ∈O(j).
In all 17 cases the representative Ej has correct type, and so it belongs to the nilpotent
G-orbit containing O(j) (see Fig. 2). Since Ej belongs to gHj (1,2) in the first 12 cases,
the fact that Ej ∈ O(j) in these cases follows from (4.1). We can skip the case 44 ≺ 49
because g1 ∩O24 =O(44) (see Table 1 and Fig. 2).
Table 4
The root indices of ΦHk (1, 2)
k Φ
Hk
(1, 2)
1 {65}
2 {42 50 54 56 60 65}
3 {53 58 60 65}
4 {40 45 49 51 53 56 58 60 65}
5 {38 45 46 51 53 54 58 60 65}
6 {50 54 56 60; 58}; 65
7 {34 41 42 46 49 50 53 54 56 58 60 65}
8 {24 30 31 37 38 39 44 45 46 47 51 53 54 58 60 65}
9 {45 51 53 58; 54; 56}; 60 65
10 {42 50 56; 46 53 58; 47}; 54 60 65
11 {41 46 49 50 53 54 56 60; 51}; 58 65
12 {35 39 41 43 46 47 49 50 53 54 56 60}; 58 65
13 {46 53; 47; 50 56; 51}; 54 60; 58; 65
(continued on next page)
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k Φ
Hk
(1, 2)
14 {37 44 45 51; 46 54; 49 56}; 53 58 60 65
15 {26 33 34 38 40 41 42 45 46 49 50 51 53 54 56 58 60 65}
16 {31 38 39 46; 56}; 45 51 53 58; 47 54; 60 65
17 {37 44 45 51; 46; 47; 56}; 53 58; 54; 60 65
18 {35 39 41 43 46 47 49 50 53 54 56 60; 51}; 58 65
19 {33 38 40 41 45 46 49 50 53 54 56 60; 44}; 51 58 65
20 {36 42 43 50 47 54; 40 45 49 51 53 58}; 56 60 65
21 {18 25 26 30 32 33 34 37 38 40 41 42 44 45 46 49 50 51 53 54 56 58 60 65}
22 {40 45 49 53; 43 47 50 54; 44}; 51 58; 56 60; 65
23 {42 50; 45 51; 46; 47; 49}; 53 58; 54; 56; 60 65
24 {29 36 42 43 50 56; 31 38 39 45 46 51 53 58}; 47 54 60 65
25 {31 38 39 46; 44; 56}; 45 53; 47 54; 51 58; 60; 65
26 {38 45; 39 47; 41 49 50 56}; 46 53 54 60; 51; 58 65
27 {27 31 33 35 38 39 40 41 43 45 46 47 49 50 53 54 56 60}; 51 58 65
28 {29; 32 37 40 44 45 49 51 53 58}; 36 42 43 50 47 54; 56 60 65
29 {44; 45; 46; 47; 49; 50}; 51; 53; 54; 56; 58; 60; 65
30 {36 42 43 50; 39 46; 45 51; 49}; 47 54; 53 58; 56; 60 65
31 {38 45; 39 47; 41 49 50 56; 44}; 46 53 54 60; 51; 58 65
32 {33 38 40 41 45 46 49 53; 42; 43 47}; 50 54 56 60; 51 58; 65
33 {27 31 33 35 38 39 40 41 43 45 46 47 49 50 53 54 56 60; 44}; 51 58 65
34 {38 45 46 53; 42; 43; 44}; 50 56; 51 58; 47; 54 60; 65
35 {37 44; 38; 42 50; 47; 49}; 45 51; 46; 56; 53 58; 54; 60 65
36 {28 34 35 36 41 42 39 43 46 50 47 54; 40 45 51}; 49 53 56 58 60 65
37 {32 37 40 45; 35 39 41 43 46 47 50 54}; 44 51; 49 53 56 60; 58 65
38 {42; 43; 44; 45; 46; 49}; 47; 50; 51; 53; 54; 56; 58; 60; 65
39 {13 20 21 26 27 28 29 33 34 31 35 36 38 40 41 42 39 43 45 46 49 50 47 51 53 54 56 58 60 65}
40 {29; 37 44 45 51; 46; 49}; 36 43; 53 58; 42 50; 47; 54; 56; 60 65
41 {33 38 40 41 45 46 49 53; 42; 43 47; 44}; 50 54 56 60; 51 58; 65
42 {32 37 40 45; 41 46; 42; 43 47}; 44 51; 50 54; 49 53; 56 60; 58; 65
43 {37; 38; 39 47; 40; 41 50}; 45; 46 54; 49 56; 44; 53 60; 51; 58 65
44 {39; 41; 42; 43; 44; 45}; 46; 47; 49; 50; 51; 53; 54; 56; 58; 60; 65
45 {29 36; 33 38 40 41 45 46 49 53; 44}; 43 47; 51 58; 42; 50 54 56 60; 65
46 {28 34 35 36 41 42 39 43 46 50 47 54; 32 37 40 44 45 51}; 49 53 56 58 60 65
47 {37; 38; 40; 41; 42; 47}; 44; 45; 46; 49; 50; 51; 53; 54; 56; 58; 60; 65
48 {19 24 25 27 30 31 32 33 35 37 38 39 40 41 43 45 46 47 49 50 53 54 56 60}; 44 51 58 65
49 {31 38 39 46; 36 42 43 50; 37 44; 40 49}; 45 51 53 58; 47 54; 56; 60 65
50 {24 30 31 38; 36 42 43 50; 49}; 37 44 45 51; 39 46; 56; 47 54; 53 58; 60 65
51 {18 25 26 30 32 33 34 37 38 40 41 44 45 46 49 51 53 58; 29 36 43 47}; 42 50 54 56 60 65
52 {29 36; 38 45; 39; 41 49; 44}; 42; 43; 46 53; 51; 47; 50 56; 58; 54 60; 65
53 {38; 39; 40; 41; 42; 43; 44}; 45; 46; 47; 49; 50; 51; 53; 54; 56; 58; 60; 65
54 {27 31 33 35 38 39 40 41 45 46 49 53; 29 36 42; 44}; 43 47 50 54 56 60; 51 58; 65
55 {21 28 29 34 35 36 41 42 43 49 50 56; 24 30 31 37 38 44 45 51}; 39 46 47 53 54 58 60 65
56 {37; 38; 39; 40; 41; 42; 43}; 44; 45; 46; 47; 49; 50; 51; 53; 54; 56; 58; 60; 65
57 {30 37; 31 39; 33 40 41 49; 42; 43}; 38 45 46 53; 44; 47; 50 56; 51 58; 54 60; 65
58 {34 41; 36 43; 37 44; 38; 39; 40}; 42 50; 45 51; 46; 47; 49; 53 58; 54; 56; 60 65
59 {25 30 32 33 37 38 40 45; 34 42; 35 39 43 47}; 41 46 49 50 53 54 56 60; 44 51; 58 65
60 {28 34 35 36 41 42 43 50; 31 38; 37 44; 40}; 39 46 47 54; 45 51; 49 56; 53 58 60 65
61 {20 26 27 28 33 34 31 35 36 38 41 42 39 43 46 50 47 54; 32 37 44}; 40 45 49 51 53 56 58 60 65
62 {5 12 13 18 19 20 21 25 26 24 27 28 29 30 32 33 34 31 35 36 37 38 40 41 42 39 43 44 45 46 49 50 47 51
53 54 56 58 60 65}
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Auxiliary representatives
j ≺ i Ej Type
13 ≺ 20 (50,53)+ (47)+ (51) A2 + 2A1
14 ≺ 22 (49,54)+ (44)+ (45) A2 + 2A1
20 ≺ 24 (36,58)+ (45,50) 2A2
24 ≺ 28 (45,29,58) + (56) A3 +A1
33 ≺ 41 (45,43,46) + (33)+ (44)+ (49) A3 + 3A1
41 ≺ 44 (43,45,46,41) + (42,44) D4(a1)+A2
42 ≺ 45 (38,49,29,44) + (60) A4 +A1
42 ≺ 49 (37,43,46,40) + (42) A4 +A1
43 ≺ 49 (37,50,39,40) + (38) A4 +A1
46 ≺ 53 (40,39,42,44) + (41)+ (43) A4 + 2A1
49 ≺ 53 (40,39,42,44) + (38,43) A4 +A2
57 ≺ 59 (42,39,40,30,43) + (41) (A5 +A1)′
44 ≺ 49 (38,36,44) + (40,39,50) (2A3)′
25 ≺ 34 (45,43,46) + (44) A3 +A1
31 ≺ 38 (45,43,46) + (44)+ (49) (A3 + 2A1)′
35 ≺ 37 (46,32,47) + (35,45) A3 +A2
47 ≺ 53 (40,39,42,44) + (38)+ (41) A4 + 2A1
It remains to consider the last four cases in Table 5. Let us examine in detail the case
25 ≺ 34. The element E25 given in Table 5 is of type A3 + A1. The characteristic of E25
in the subalgebra of this type with simple roots given by (45,43,46)+ (44) is
H = 3α∨45 + 4α∨43 + 3α∨46 + α∨44,
where α∨i ∈ h denotes the co-root of the root αi . By expressing these co-roots as integral
linear combinations of the simple co-roots, we obtain that
H = 7α∨1 + 7α∨2 + 12α∨3 + 15α∨4 + 11α∨5 + 10α∨6 + 7α∨7 + 4α∨8 .
Next we apply the action of the Weyl group W0 of (G0,h) to move H into the fundamental
Weyl chamber of this pair. We obtain the element
H ′ = 7α∨1 + 8α∨2 + 12α∨3 + 16α∨4 + 11α∨5 + 10α∨6 + 7α∨7 + 4α∨8 .
Its labels αi(H ′) are 2, 0, 1, 1, −4, 2, 0, 1. Table 1 shows that H ′ = H 25. Hence E25 ∈
O(25).
The arguments for the remaining three cases are similar and we omit the details.
6. Justifying the edges of Δ
In this section we prove that j ≺ i implies i → j .
Assume that j ≺ i. We have shown in the previous section that O(j) <O(i). The as-
sertion i → j clearly holds if the following condition is satisfied:
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The dimensions dr (k, s)
r k = 43 r k = 46
−5 0, 0, 0, 0, 1, 2, 4 −5 0, 0, 0, 0, 2, 2, 2, 4
−4 1, 1, 1, 3, 4, 7, 8, 9, 10 −4 0, 0, 1, 3, 3, 7, 9, 9, 10
−3 1, 2, 6, 8, 13, 16, 18, 20 −3 1, 2, 4, 8, 12, 14, 19, 20
−2 1, 7, 10, 17, 23, 27, 30 −2 1, 7, 11, 15, 22, 27, 28, 30
−1 7, 11, 20, 28, 34, 38, 40 −1 6, 10, 21, 28, 33, 38, 40
0 7, 17, 26, 33, 37, 40 0 6, 17, 24, 33, 38, 40
1 11, 22, 31, 36, 40 1 11, 22, 31, 36, 40
2 11, 21, 26, 30 2 11, 20, 26, 30
3 11, 16, 20 3 10, 16, 20
4 6, 10 4 6, 10
5 4 5 4
(C) If k is a node such that dimO(j) < dimO(k) < dimO(i) then either O(j) <O(k) or
O(k) <O(i).
This is vacuously true if there is no node k such that i is higher than k and k is higher
than j . This stronger condition is satisfied for all but 35 edges of Δ. In order to handle
these 35 exceptional edges one has to find a method to verify (C).
In many cases one can prove thatO(j) <O(k) orO(k) <O(i) by using the sl2-theory.
Let Hk be the characteristic of the G0-orbit O(k) and let (Ek,Hk,F k) be an sl2-triple
with Ek ∈O(k) and Fk ∈ g−1. For r ∈ Z and s  1 we set
dr(k, s) := dim
(
gr ∩ ker
(
adEk
)s)
.
If O(j) < O(k) we can choose a sequence Ek,m, m = 1,2, . . . , in O(k) converging to
a point Ej ∈ O(j) and such that the sequence of subspaces gr ∩ ker(ad(Ek,m)s), m =
1,2, . . . , converges (in the appropriate Grassmanian). The limit subspace is contained in
gr ∩ ker(ad(Ej )s). Consequently the inequalities
dr(j, s) dr(k, s)
must hold for all r and s. Hence, if dr(j, s) < dr(k, s) for some r and s, thenO(j) <O(k).
By using LiE, we have computed the dimensions dr(k, s) for all values of r, k and s.
The cases k = 43,46 are given in Table 6 as an illustration. The integers r , in the range
−5, . . . ,5, are listed in the first column and each r is followed by the sequence dr(k, s) for
s = 1,2, . . . . We terminate the sequence as soon as dimgr is reached.
For instance, from Table 6 we see that d−5(43,5) = 1 while d−5(46,5) = 2. Conse-
quently, O(43) < O(46). By using this technique, we have compiled in Table 7 a list of
many pairs (i, j) such that O(j) <O(i).
By using this table, one can verify condition (C) in many cases. Let us examine 10 of
the 35 exceptional edges j ≺ i.
Let us start with the edges 1 ≺ 3 and 2 ≺ 6. Since O(2) < O(4) and O(3) < O(4),
it follows that also O(2) < O(3). Hence (C) is satisfied in both cases and, consequently,
3 → 1 and 6 → 2 hold.
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Some pairs (i, j) with O(j) <O(i)
(4, 2) (8, 2) (8, 4) (12, 4) (12, 5) (8, 6) (21, 8) (39, 8)
(12, 9) (21, 10) (21, 12) (22, 12) (25, 12) (21, 13) (39, 14) (16, 15)
(17, 15) (18, 15) (20, 15) (21, 18) (22, 18) (25, 18) (39, 19) (21, 20)
(25, 20) (33, 21) (34, 21) (39, 21) (25, 22) (39, 22) (48, 24) (39, 25)
(35, 27) (38, 27) (39, 29) (48, 30) (39, 31) (48, 32) (39, 33) (39, 34)
(48, 34) (39, 35) (47, 36) (48, 36) (39, 38) (48, 38) (46, 39) (48, 39)
(49, 39) (51, 39) (48, 41) (48, 42) (45, 43) (46, 43) (47, 44) (48, 44)
(51, 48) (54, 48) (55, 48) (51, 49) (54, 51) (55, 51)
Similarly, O(4) <O(8) and O(4) <O(12) (see Table 7) imply that O(4) <O(5) and
O(4) <O(6). Hence (C) holds for the edges 3 ≺ 5 and 3 ≺ 6 and so we have 5 → 3 and
6 → 3.
Next let us consider the edges 4 ≺ 9, 5 ≺ 9 and 6 ≺ 9. Since O(8) <O(39) and O(9) <
O(39), we have also O(8) < O(9). It follows from Fig. 2 that O(7) < O(9). As shown
above, O(4) < O(5) and O(4) < O(6). Hence (C) is satisfied in all three cases and so
9 → 4, 9 → 5 and 9 → 6.
Next consider the pair 7 ≺ 11. As O(10) <O(21) and O(11) <O(21), it follows that
O(10) <O(11). Hence (C) is satisfied and we conclude that 11 → 7.
Now consider 8 ≺ 17 and 10 ≺ 13. As O(8) <O(21) and O(8) <O(39) (see Table 7),
it follows from Fig. 3 thatO(8) <O(k) for k ∈ {9,10,11,12,13,14,15}. We have already
seen that O(10) < O(11). Since O(12) < O(25), it follows from Fig. 3 that O(12) <
O(13). Hence (C) is satisfied for both edges and we conclude that 17 → 8 and 13 → 10.
This method can be used to verify (C) in the remaining 25 cases with one exception,
namely the pair 17 ≺ 29. Let us now examine this exceptional case. From Fig. 2 we see that
O(k) <O(29) for k ∈ {24,25,28}. We claim that O(17) <O(k) for k ∈ {19,21,23}. The
claim is valid for k = 19,21 because O(10) <O(17) while O(10) <O(21). The claim is
valid for k = 23 because O(14) < O(17) while O(14) < O(39). It remains to show that
O(17) <O(22). We shall prove this in the next section.
7. Critical pairs
Let us say that an ordered pair of distinct nodes (i, j) in Δ is critical if the following
four conditions are satisfied:
(i) i is higher than j .
(ii) i does not dominate j .
(iii) If i ≺ l then l dominates j .
(iv) If k ≺ j then i dominates k.
For instance, the pair (4,2) is critical. On the other hand, the pair (10,4) is not critical
because 10 ≺ 12 and 12 does not dominate 4.
Let us also say that a critical pair (i, j) is good if O(j) <O(i), i.e., O(j) is not con-
tained in the Zariski closure of O(i). It is immediate from these definitions that if (r, s) is
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The critical pairs
(9, 7) (29, 16) (57, 28) (44, 37) (58, 50)
(59, 55)
(4, 2) (8, 2) (8, 4) (12, 4) (12, 5)
(21, 8) (39, 8) (21, 10) (39, 14) (18, 15)
(25, 20) (33, 21) (48, 24) (35, 27) (45, 43)
(46, 43) (51, 48) (54, 48) (55, 48) (54, 51)
(28, 8) (28, 12) (34, 12) (28, 15) (34, 15)
(40, 21) (34, 22) (40, 27) (51, 36) (55, 39)
(50, 46) (55, 47)
any pair of nodes such that r is higher than s but does not dominate s, then there exists a
critical pair (i, j) such that i is equal to or dominates r and s is equal to or dominates j .
In order to complete the proof of our main result (Theorem 3.1) it suffices to show that all
critical pairs are good.
Altogether there are 38 critical pairs. They are listed in Table 8 and divided into three
groups. These pairs were found by a short computer program in order to avoid possible
errors.
It is immediate from Fig. 2 that the 6 critical pairs in the first group are good. The 20
critical pairs in the second group are good as they appear in Table 7.
We complete the proof of the main theorem by describing the method we use to prove
that the 12 critical pairs in the last group of Table 8 are all good.
Let us consider one of the nodes i of Δ. Its characteristic Hi ∈ h is given in Table 1.
We next consider the two PV’s (Zi,gHi (1,2)) and (Pi,gHi (1, 2)) associated with the
node i.
The subgroup Zi is the centralizer of Hi in G0. As G0 is connected and reductive and
Hi is semisimple, Zi is reductive and connected. The centralizer, say Mi , of Ei in Zi is re-
ductive (see e.g. [4, Lemma 3.7.3] or [8, Proposition 5.10]). Consequently, (Zi,gHi (1,2))
is a regular PV (see [13, Definition 2.14 and Theorem 2.28]). As mentioned in Section 4,
the intersection of O(i) with gHi (1,2) is Zi · Ei , a single Zi -orbit. This orbit is open
and dense in gHi (1,2). Its complement S in gHi (1,2) is a hypersurface which is also
known as the singular set of (Zi,gHi (1,2)). In general, S is not irreducible. It is the
union of irreducible conical hypersurfaces Sk defined by the equations fk = 0, where the
fk (k = 1,2, . . . , r) are the basic relative invariants of (Zi,gHi (1,2)) (see [13, Defini-
tion 2.10]). If l is the length of the Zi -module gHi (1,2), then r  l. The exact value of r
is given by the well-known formula r = dim(Zi/Zi ′Mi) [13, Proposition 2.12], where Zi ′
is the derived subgroup of Zi .
By using an argument of Kostant (see the proof of [14, Theorem 4.3] or [4, Lem-
ma 4.1.4]), one can show that Pi · Ei = Zi · Ei + gHi (1, 3). It follows that the singular
set Sˆ of the PV (Pi,gHi (1, 2)) is the union of irreducible hypersurfaces Sˆk = Sk +
gHi (1, 3). For each k let fˆk :gHi (1, 2) → C be the polynomial function such that
fˆk(x + y) = fk(x) for x ∈ gHi (1,2) and y ∈ gHi (1, 3). Then Sˆk is the hypersurface in
gHi (1, 2) defined by the equation fˆk = 0.
Using the above notation, we can state the following important proposition.
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Sˆk ∩O(jk) is a dense open subset of Sˆk . Every child of i belongs to the set {j1, j2, . . . , jr}.
We omit its proof since it is similar to the proof of the analogous [5, Proposition 7.1].
ClearlyO(jk) <O(i) for each k. We point out that the nodes j1, . . . , jr are not necessarily
distinct and some of them may not be children of i. For instance, there are examples where
O(jk) <O(jl) for some k and l. If that happens then jk is not a child of i. In most cases
the hypersurface Sˆk is quasi-homogeneous, i.e., it contains a dense open Pi -orbit. In such
cases it is not hard to determine jk . Once all the jk’s are computed, it is easy to identify
the children of the node i.
Let us apply the above procedure to find the children of the node 22. From the entry for
k = 22 in Table 4 we see that the Z22-module gH 22(1,2) is a direct sum of three simple
modules: V1 and V2 of dimension 4 and V3 of dimension 1. It is easy to see that in this case
the number of basic relative invariants is r = 3. If E20 is the representative of O(20) given
in Table 3 and E14 the representative of O(14) given in Table 5, then a computation shows
that the orbits Z22 · E20 and Z22 · E14 have co-dimension 1 in gH 22(1,2). The element
E = (X49 + X54) + (X43) + (X44) of type A2 + 2A1 belongs to the space gH 22(1,2)
and the orbit Z22 · E also has co-dimension 1. A computation like the one at the end of
Section 5 shows that E ∈ O(13). We conclude that the elements E20, E14 and E lie on
three different Z22-invariant hypersurfaces S1, S2 and S3, respectively. Moreover, another
computation shows that each of the orbits P22 ·E20, P22 ·E14 and P22 ·E has co-dimension
1 in gH 22(1, 2). Hence, j1 = 20, j2 = 14 and j3 = 13. As O(13) < O(20), it follows
that the children of the node 22 are 20 and 14. Thus, as promised at the end of the previous
section, we have shown that O(17) <O(22).
Let us also find the children of the node 28. From the entry for k = 28 in Table 4 we see
that the Z28-module gH 28(1,2) is a direct sum of two simple modules: V1 of dimension 1
and V2 of dimension 9. Thus the number of basic relative invariants is r  2. On the other
hand, from the previous section we know that 28 → 22,24 and so 28 has no other children.
Let us now consider the critical pair (28,8). The children of 28 are 22 and 24. Since
(39,8) is listed in Table 7 and 39 dominates 24, we have O(8) < O(24). The children
of 22 are 14 and 20. Since (21,8) is listed in Table 8 and 21 dominates 14, we have
O(8) < O(14). Since O(8) < O(24) and 24 → 20, we also have O(8) < O(20). Hence,
the critical pair (28,8) is good.
Next we examine the critical pair (28,12). The children of 28 are 22 and 24. From
Table 7 we see that O(12) < O(22). Since the Z24-module gH 24(1,2) has length 2, the
children of 24 are 16 and 20. As 25 → 16 and 22 → 20 and (25,12) and (22,12) are
listed in Table 7, we infer that O(12) < O(16) and O(12) < O(20). Hence, the critical
pair (28,12) is good.
Finally consider the critical pair (28,15). It suffices to consider the children 22 and 24
of 28. Their children are 14, 16 and 20. The pairs (16,15) and (20,15) are in Table 7
while the orbits O(14) and O(15) have the same dimension. It follows that the critical pair
(28,15) is good.
The other 9 critical pairs in the third group can be shown to be good by similar argu-
ments.
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